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Exercise 0.1. This exercise determines when certain plane curves are nonsingular. Let
F be a field of characteristic zero.

a) Show that for a polynomial f(z) € F[z] and for an integer n € Z, the curve

Crpy" = flx)

in A? has a singular point if and only if f(z) has a repeated root in F, i.e., there

exists zo € F with f(xo) =0 and f'(x¢) = 0.
b) Given a curve

Ciy’=(z—a)le-pB)(z—9)
where «, 3,y € F, the discriminant of C is

Ac = [(a = B)(a =) (8 - 7).
Prove that Az = 0 if and only if C' is singular.

In particular, when a cubic polynomial f(z) € F[z] has no repeated roots, the cubic

curve defined by y* = f(x) is nonsingular, and in fact is an elliptic curve over F.

Exercise 0.2. Prerequisite: algebraic number theory.
This exercise extends Exercise by giving a formula for the discriminant of the
polynomial 23 4+ Az + B associated to the cubic curve y? = 2®+ Az + B. For a reference,

see pp. 37-38 [Mill.
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Let F' be a field of characteristic zero, and K/F an extension of degree n. Then by
the primitive element theorem, we can write K = F(a) for some a € F. Let mq(7)
be its minimal polynomial; suppose its roots are a; := «a, s, ..., a,. Then we have a
formula for the discriminant of K/F

AK/F = A(Ozl, Ce ,Oén)

= H (o — ay)?
1<i<j<n
n(n—1)
= (=1) 7 - Nmg,p(mg(a)).
In general, for a polynomial f € F[z] of degree n > 1 whose roots in F are a :=
a1, ..., Qp, the discriminant of f is

Af) = ] (@w—a)? =" - Nmgp(fi(a)).

1<i<j<n
a. Show that for n > 1, the discriminant of
f(z) :=2a" + Ax + B € F|x]
is
A(f) = (=)™ ("B 4 (<) (o — 1) AY).
b. Use part a. and Exercise to show that a cubic curve
(1) Ep:y*=2"+Az+ B
has for its associated polynomial z® + Az + B the discriminant
A = —(4A% + 27B%).

Remark: This discriminant differs from the usual short Weierstrass form discriminant
Ap := —16(4A3 + 27B?%). The factor of 16 in the latter formula is a useful way to
emphasize that over a field of characteristic 2, the curve defined by does not define
an elliptic curve.

Exercise 0.3. Prerequisite: algebraic geometry.

One has in the usual definition of an affine elliptic curve that it must be irreducible,
i.e., it cannot be the union of two nontrivial plane curves. However, this is superfluous
for projective nonsingular curves: show that for a nonsingular projective plane curve
C/k, one has that C' is irreducible over k. (Compare this to Exercise )

Exercise 0.4. Let E/; be an elliptic curve in general Weierstrass form
E:y? + a1xy + asy = 2° + asx® + aux + ag
where ay, as, as, aq, ag € k. (Note that this includes short Weierstrass form as a special
case.)
a. Show that for two points Py := (z1,11), P> := (22,y2) € F(k) which are not
collinear to O := [0 : 1 : 0], one has the formula
Py * Py = (x3,y3) := (m* + a1m — ag — o1 — 29, mx3 + b)

where L : y = mx + b is the line through P, and Ps.
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b. Use part a. to further show that
P @ Py = (x3,—(m +ay)xs — b— ag).
c. In contrast to part a., show that if P;, P, and O are collinear, then
PL® P,=0.
d. Prove that for a point P = (x,y) € E(k), one has
—P = (z,—y — a1z — a3).

Exercise 0.5. This exercise proves some basic results for elliptic curves in short Weier-
strass form,
E/k:y2:x3+Ax+B.
a) Using Exercise , show that for two points Py := (x1,11), P := (29, y2) € E(k)
which are not collinear to O := [0 : 1 : 0], one has the formula
P, @ Py = (m? — 21 — 19, —m(m* — x; — 25) — b)

where L : y = mx + b is the line through P, and Ps.
b) Argue that if P, P, and O are collinear, then P, = —P;.
c¢) Show that for any point P := (a,b) € E(k), one has the additive inverse

—P = (a,—b).
Exercise 0.6. For the elliptic curve
E: y? =+ 17,

given points Py := (—=2,3), P, := (—1,4) and P53 := (2,5) in E(Q), directly use the
chord and tangent method to prove the following.

a. —2P; = (8,23).

b. P, @ P; = (—%,—1%) (which is ~ (—0.889, —4.037)).

90 27
(You are allowed to use the formula for the inverse of a point.)

40
(8,23)

(-2,3) |(F1.4)
fj(‘),m

20 k;\ 20 40
(%-0.889, —4.037)

-20

-40

FIGURE 1. The elliptic curve E : y* = 23 + 17.
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Exercise 0.7. This exercise explores some arithmetic with an elliptic curve not in
Weierstrass form.
Consider the cubic curve

E/Q:x3+y3:1.

a) Write down the projective closure Fy of E. Show that O := [1: —1: 0] is the
only real point at infinity on E. Also show that E has exactly three points at

infinity over C.

b) Show that Fp is nonsingular. Deduce that Ey is a projective elliptic curve.

¢) Thus, F is an elliptic curve over Q. Prove that for any point P = (a,b) € E(C)
with a # b, the inverse of P is

—P = (b,a).

(You may assume that O is a flex point.)
d) For any point P = (a,a) € E(C), show that P has order two.
e) (Optional) Explain why E has no positive rational points.

10

-10

FIGURE 2. The elliptic curve E : 2® +9° = 1.

Exercise 0.8. Consider the elliptic curve
By 4+y=2a"

a. Using the picture below, guess the real flex points of E.
b. With proof, determine the real flex points of E.
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FIGURE 3. The elliptic curve E : y* +y = 3.

Exercise 0.9. Let k be a field and £/, an elliptic curve in general Weierstrass form.
This exercise will describe the points on E of order 2 and 3, under suitable assumptions.

a. Prove that the points on E of order dividing 2 are precisely the points with
vertical tangent lines.
b. Further assume that char(k) # 2, and that F is given in short Weierstrass form,

E:y* =2+ Az + B.

Show that the points of order 2 on E have the form (a,0) where « is a root of
3+ Az + B.

c. Back to general Weierstrass form: prove that the points on E of order dividing
3 are precisely the flex points of E.

Exercise 0.10.

a. Given a planar elliptic curve £/, and a point O € E(k) that is not necessarily
flex, show that the chord and tangent method makes (E(k), O) an abelian group.
(You can skip showing associativity.)

b. Consider the elliptic curve E : y?> = 2® — 7z + 10 from an example in class,
pictured below. We showed that for P, := (1,2) and P, := (3,4), one has
P& P, =(-3,2) and 2P, = (—1,—4). Compute P; & P; and 2P; in the group
(E(k), P,) instead.
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—10
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\

FIGURE 4. The elliptic curve E : y* = 23 — 72 + 10.
Exercise 0.11. Show that for a planar elliptic curve £/, and two fixed points Oy, O, €
E(k), the groups (E(k),O;) and (E(k), Os) are isomorphic.

1. ALGEBRAIC VARIETIES

Exercise 1.1. Prerequisite: algebraic geometry.
Show that an algebraic set V; C A™ is irreducible with respect to the Zariski topology
iff I is a prime ideal in k[xq,...,z,]. (See also Exercises and )

Exercise 1.2. Show that for a projective n-variety V), C P" defined by a single non-
constant homogeneous polynomial

V:F(Xo, X1,...,X,) =0,

one has dim(V') = n—1. Such varieties are called hypersurfaces. (For more on projective
hypersurfaces, see [Sil09, Exercise 1.11].)

Exercise 1.3. [Sil09, Exercise 1.3] Show that for an affine hypersurface
‘//k : f(.]?l,l'Q, Ce ,Q?n) = O,

our two definitions of nonsingularity at a point are equivalent. More precisely, for a
point P € V', the 1 X n matrix
()
0%i ) 1<j<n

has rank n — 1 iff dimg(Mp/M2) =n — 1.
(Hint: define the tangent plane of V at P as

" (0
T := {(3/17y2,--~73/n) €A": Z (35

Show that the map

— “ (0
Mp/M} T = F, (9.9) = (85
i=1 v

)'yi
P
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is a well-defined perfect pairing of k-vector spaces.

Exercise 1.4. Prove that for a projective variety V), C P™

a. k(V') is well-defined;
b. dim(V') is well-defined;
c. for at least one 0 < i < n, one can have V; = (.

Exercise 1.5. Prerequisite: algebraic geometry. Using the Zariski topology, show
that an affine algebraic set C' C A" is irreducible iff its projective closure Cy C P" is
irreducible; thus, C' is an affine variety iff Cy is a projective variety. (See also Exercises

03 and [L1)

Exercise 1.6. [Sil09, Exercise 1.4] Let V) be the projective variety
ViBX?+6XY +2Y? =2YZ + Z°.
Prove that V(Q) = 0.

Exercise 1.7. [Sil09, Exercise 1.6] Let V' C P? be the variety
ViYZ=X+2°
Show that the map
¢: V- P? ¢=[X?: XY : 7%
is a morphism. (Notice that ¢ does not extend to a morphism ¢: P? — P2.)

Exercise 1.8. [Sil09, Exercise 1.7] Let V' C P? be the variety
VY27 = X5
and let ¢ be the rational map
¢: P -V, ¢ = [S*T, S* T7.

a. Show that ¢ is a morphism.

b. Find a rational map ¥: V --» P! such that 1) o ¢ and ¢ o 1) are the identity
wherever they are defined.

c. Is ¢ an isomorphism?

Exercise 1.9. [Sil09, Exercise 1.10] For each prime p > 3, let V,, C P? be the variety
given by the equation
V,: X2+ Y?=pZ%
a. Prove that V), is isomorphic to P! over Q if and only if p =1 (mod 4).
b. Prove that for p = 3 (mod 4), no two of the V,’s are isomorphic over Q.

2. ALGEBRAIC CURVES

Exercise 2.1. [Sil09, Exercise 2.1] Let R be a Noetherian local domain that is not a
field, let M C R be its maximal ideal and set k := R/M its residue field. Show that
the following are equivalent:

a. R is a discrete valuation ring;

b. M is principal;
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(For us, this exercise is applied to the local ring k[C]p at a smooth point P on a curve

C.)
Exercise 2.2. Consider the elliptic curve
E:Y*Z=X"+2"
We have a Q-morphism ¢: E — P! given by projection,
6 =X : 27
. Prove that [Q(E) : ¢*(Q(P1))] = 2.
. Prove that ¢ is ramified at P :=[—1:0: 1].
. Argue that P is the only ramified point of ¢ above ¢(P).

. (Optional) Using visuals, explain what ¢ being ramified at P means in this
example.

oo T

(Hint for all parts: do things locally!)

FIGURE 5. The elliptic curve E : y? = 2% + 1.

Exercise 2.3. [Sil09, Exercise 2.2] Let ¢: C; — Cy be a morphism of smooth curves.
Let g € k(Cs)*, and let P € C. Prove that

vp($*(9)) = es(P) - vy(p)(9)-

Exercise 2.4. This exercise proves some properties about the Frobenius morphism,
see [Sil09, Proposition I1.2.11]. It also serves as a review of inseparable extensions.

Recall that an algebraic field extension K/F is separable if for any element a €
K, the minimal polynomial m(x) € F[z] of a over F' has no repeated roots; this is
equivalent to ged(m(z), m'(x)) = 1. If all elements o € K have minimal polynomials
over F' with repeated roots, then K/F is said to be purely inseparable.

a. Show that if K//F' is not separable, then char(K)=char(F') > 0.
b. Show that the following are equivalent:

1. K is purely inseparable over F

2. for all o € K, there exists n > 0 with o®" € F;
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3. each o € K has a minimal polynomial over F of the form 27" — a for some
n € Zxo and some a € F.

Let k be a field with p :=char(k) > 0. Fix a power ¢ := p", as well as a curve Cj.
Prove the following:

c. F;(k(C’(q))) =k(C):={f1: fek(C)}.

d. F, is purely inseparable.

e. deg(F,) = q.
For more on separable and inseparable extensions, see these notes from Keith Conrad:
https://kconrad.math.uconn.edu/blurbs/galoistheory/separablel.pdf.

Exercise 2.5. [Sil09, Exercise 2.4] Let C' be a smooth curve and D € Div(C'). Without
using Riemann-Roch, prove the following:
a. L(D) is a k-vector space.
b. If deg(D) > 0, then
((D) < deg(D) + 1.

Exercise 2.6. [Sil09, Exercise 2.5] Let C' be a smooth curve. Prove that the following
are equivalent (over k):

a. C' is isomorphic to P!
b. C has genus 0.
c. There exist distinct points P, @ € C with (P) ~ (Q).

Exercise 2.7. [Sil09, Exercise 2.6] Let C' be a smooth curve of genus one, and fix a
base point P, € C.

a. Prove that for all P, € C there exists a unique R € C such that
(P) +(Q) ~ (R) + (R).
Denote this point R by o(P, Q).
b. Prove that the map o: C' x C' — C makes C' into an abelian group with identity
element F.

c. Define a map
k: C — Pic’(O)

via

P [(P) = (P)].
Prove that k is a bijection, and thus x can be used to make C' into a group via
the rule

P+ Q= s~ (k(P) + K(Q)).

d. Prove that the group operations on C defined in parts b. and c. are the same.
Exercise 2.8. [Sil09, Exercise 2.7] Let F(X,Y,Z) € k[X,Y,Z] be a homogeneous
polynomial of degree d > 1, and assume that the curve C' C P? defined by

C:F(X,Y,Z)=0
is nonsingular. Prove that
(d—1)(d—-2)

9(C) = 5


https://kconrad.math.uconn.edu/blurbs/galoistheory/separable1.pdf
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(Hint: one way to do this is to define a map C' — P! and use Riemann-Hurwitz.
Another way is to cleverly construct a nonzero differential w on C, and then use the

fact that deg(div(w)) = 2¢(C) — 2.)

Exercise 2.9. [Sil09, Exercise 2.8] Let ¢: C; — C5 be a separable morphism of smooth
curves.

a. Prove that g(C}) > ¢g(Cs).
b. Prove that if 'y and C5 have the same genus g, then one of the following is true:

11 5 = (1)'and ¢ is unramified.

iii. ¢ > 2 and ¢ is an isomorphism.

Exercise 2.10. [Sil09, Exercise 2.13] Let C'/;, be a smooth curve.
a. Prove that the following sequence is exact:
1 — k* = k(C)* — Div)(C) — Picp(C).
b. Suppose that C' has genus one and C(k) # (). Prove that the map
Div)(C) — Pich(O)
is surjective.

Exercise 2.11. [Sil09, Exercise 2.14] For this exercise, we assume that char(k) # 2.
Let f(z) € k[z] be a polynomial of degree d > 1 with nonzero discriminant (see Exercise
, let Cy/k be the affine curve given by the equation

Co:y? = f(2) = apx’ + a2z + ...+ ag_17 + aq,
and let g be the unique integer satisfying d —3 < 29 <d — 1.
a. Let C be the closure of the image of Cjy via the map
[Toz:a?: . a9 y]: Gy — P9T2
Prove that C'is smooth, and that the affine piece C'y, is isomorphic to Cj. The

curve C'is called a hyperelliptic curve.
b. Let

F0) = 02972 1\ _ Jao+aw+...+ ag_10% 1 4 agv? if d is even,
v apv + a1v® + ...+ ag_1v% + agv?tt if d is odd.

Show that C consists of two affine pieces
Co:y* = f(x)
and
Cyw® = f*(v),
“glued together” via the maps
Co — C

Ly
(xay) = (57 $g+1) )

where
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and

Cl—>Co

1 w
(U,U)) = (;7 ’U9+1) :

where

. Calculate the divisor of the differential df on C and use the result to show that

C has genus g. Check your answer by applying Riemann-Hurwitz to the map
[1:2]: C — P! (Note that Exercise 2.8 does not apply, since C' Z P2.)

. Find a basis for the holomorphic differentials on C. (Hint: consider the set of

differential forms {x’df :4=20,1,2,...}. How many elements in this set are

holomorphic?)

3. THE GEOMETRY OF ELLIPTIC CURVES

Exercise 3.1. [Sil09, Exercise 3.3] Assume that char(k) # 3, and let A € £*. Then
Exercise ([Sil09, Exercise 2.7]) shows that the curve

E:X°+Y?=AZ°

is a curve of genus one, so together with the point O = [1 : —1 : 0], it is an elliptic

curve. (See also Exercise [0.7])

a.

b.

C.

d.

Prove that three points on E add to O if and only if they are collinear.
Let P:=[X :Y : Z]. Prove the formulas

—P=[Y:X:Z]
and
2|P = [-Y(X3+ AZ%) . X(Y3+ AZ%) . X322 - Y37].
Develop an analogous formula for the sum of two distinct points.
Prove that E has j-invariant 0.

Exercise 3.2. [Sil09, Exercise 3.6] Let C' be a smooth curve of genus g, let Py € C,
and let n > 2g + 1 be an integer. Choose a basis {fo, ..., fim} for L(n(F)), and define

a map

via

a.
b.

C.

¢: C—P"

¢:: [.fO : fm]
Prove that the image C" := ¢(C) is a curve in P™.
Prove that the map ¢: C' — C’ has degree one.
*Prove that C” is smooth and that ¢: C' — C’ is an isomorphism.

Exercise 3.3. Towards local fields. Let K be a field.

a.

Show that if |- |: K& — R is a non-Archimedean absolute value, then | - |
induces a valuation vj.|: K — Ry via

{—111|x| if x #0,

oy () = o0 if x =0.
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b. Show that if v: K — RU{oco} is a valuation, then we have an induced absolute
value |- |,: K — Z U {oo} via

] 27v@) if ¢ £ 0,
xl, = .
0 if v =0.
c. Prove that an absolute value |- |: K — R is non-Archimedean if and only if
|Z - 1k| is bounded.

d. Deduce that if v: K — Z U {co} is a discrete valuation, then |- |, is non-
Archimedean.

Exercise 3.4. Towards local fields.

a. Prove directly that v,: Q — Z U {oo} is a discrete valuation.

b. More generally, show that every nonzero prime ideal 3 C K induces a discrete
valuation vg: K — Z U {o0}.

c. Show that Q, # Q.

Exercise 3.5. Towards local fields.
a. Show that for any real number ¢ > 1, the p-adic norm | - [,: Q — R, satisfies

|$|p ~ ),

b. Let K be a field. Show that two nontrivial absolute values | - |1, |- |2 on K are
equivalent if and only if they induce the same topology on K.

Exercise 3.6. Towards local fields. Prove Hensel’s Lemma on lifting roots:

Theorem (Hensel’s Lemma). Let K be a complete non-Archimedean field with valua-
tion ring R, mazimal ideal M and residue field k == R/M. Let f € R[t] be a polynomial,
and let f € k[t] be its reduction modulo M. If a € k is a simple root of [ (i.e., f(a) =0

and Tl(a) # 0), then there ezists « € R with « = a (mod M) and f(a) = 0.

Exercise 3.7. [Sil09, Exercise 3.30] Let G be a finite abelian group of order n”. Suppose
that for each d | n we have #G|d] = d", where G|d] is the subgroup of G of elements
whose orders divide d. Prove that

G = (Z/nZ)".
Exercise 3.8. In this exercise, we assume that char(k) = 0.

a. Suppose that C; and Cy are curves defined over k, and that ¢: ¢, — C5 is a
morphism. Let us write

o=1Ifo:fi: .. fal
where each f; € E(Cl). Prove that for each o € Gy, the map ¢7: Cy — Cs
defined by
O = IS T f] )
is a morphism to Cy with deg(¢?) = deg(¢). (Hint: show that ¢*(k(Cy)) =
(¢7)"(k(C5)).)
b. Let Fy/k and E,/k be non-CM elliptic curves, and fix an isogeny ¢: Ey — Fs.
Show that for each o € Gy, there exists a, € {£1} with ¢7 = a, - ¢.
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c. Continuing part b., show that the map x: Gy, — {£1} defined by o — a, is a
homomorphism. Conclude that there exists d € k™ such that for all o € G,

one has
o(Vd) = x(0) - Vd.

This exercise can be used to show that there exists a th’szﬂ of Ey by x, denoted EX/k,
and a k-rational isogeny v¢: E; — E5. Thus, in the non-CM case, we can assume an
isogeny between k-rational elliptic curves is also k-rational (up to k-isomorphism of the
target elliptic curve). More on twists in Chapter 10.

Exercise 3.9. Let E and E’ be elliptic curves, and let ¢: F — E’ be an isogeny.

a. Show that if £, E' and ¢ are k-rational, then so is the dual g/g

b. Show that if ¢ is cyclic, then so is its dual ngS if one of the following holds:
i. char(k) = 0.
ii. char(k) > 0 is coprime to deg(¢).

Exercise 3.10. [Sil09, Exercise 3.24] Let E/; be an elliptic curve with complex multi-
plication over k, i.e., such that Endy(E) # Z. Prove that for all primes p # char(k),
the action of Gy on T,(FE) is abelian. (Hint: use the fact that all endomorphisms in
Endy(F) commute with the action of G, on T,(E).)

Exercise 3.11. [Sil09, Exercise 3.26] Let E/; be the elliptic curve y* = z* + 2 having
complex multiplication by Z[i], let p > 3 be a prime, and let T' € E[p] be a point of
order p. In each of the following situations, prove that {T, [i]T} is a basis for E[p], and
thus e, (7, [¢]T") is a primitive p’th root of unity.

a. p=3 (mod 4).

b. i ¢ kand T € E(k).

The map [i] is an example of a distortion map.

Exercise 3.12. Prerequisite: algebraic number theory. This exercise proves some
properties that the mod-n Galois representation of an elliptic curve can satisfy.
Fix an integer n € Z* and an algebraic extension F/Q. Let

Xn: Gr — (Z/nZ)*

denote the mod-n cyclotomic character on G, which describes the action of G on the
group t, € Q of n’th roots of unity.

a. Prove that if each prime p | n is unramified in F, then y,, is surjective. Deduce
that x, is always surjective when F' = Q.

b. Prove that for any elliptic curve E)g and for any integer n € Z*, one has
det(pn(Go)) = (Z/nZ)".

c. Suppose that F'/Q is a real algebraic extension. Prove that for any elliptic
curve F/p, there exists an order two element m € pen(Gr) with trace 0 and
determinant —1.

LA twist of an elliptic curve E is an elliptic curve E’ which is isomorphic to E over k.
2Say that an isogeny is cyclic if its kernel is cyclic.
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5. ErripTic CURVES OVER FINITE FIELDS

Exercise 5.1. This exercise gives a formula for point counts of elliptic curves base-
changed over finite fields. If ¢ € Z" is a prime power and E/p, is an elliptic curve, then
writing

22— ay(E) +q = (2 — a)(z — )
where a, 3 € Q, this exercise shows that for all n € Z*, one has
#EFp)=q"+1—(a"+5").
a. Writing F,: £ — E for g-power Frobenius, prove that

F? —a,(E)F,+q=[0].

q
b. For the polynomial
fu(x) = (2" = a™)(a" = "),
show that f,(z) = 2*" — (a" + ™)2" + q. Then prove that 2% — a,(E)z + ¢
divides f,(z) in Zx].

c. Deduce that we can write
fal@) = gu(2) - (2% = ag(E)z + q)
for some g, (x) € Z[z]. Use this and part a. to prove that
#EFp ) =q"+1—(a"+ ).
Exercise 5.2. Let p > 2 be a prime, and let E/g, be the elliptic curve
E:y?=2°+uz

a. Prove that if p =1 (mod 4), then

4| #E(F,).
b. Prove that if p =3 (mod 4), then

ie., ap(E) =0.
Thus, in both cases we have 4 | #E(F,).

c. Create a computer program that does the following: given a prime p € Z* and
an elliptic curve Eg, : y* = 2° + Az + B, it returns the set F(F,), as well
as the size #F(F,). What patterns do you notice for F : y* = 2® + r when
p =1 (mod 4), beyond part a.? Based on your calculations, make a reasonable
conjecture — and prove it if you can!
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104 points (infinity not shown) Y2 = x*3 + 1x + 0 mod 103
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FIGURE 6. The elliptic curve E : y* = 23 + x over F3.

Exercise 5.3. Let E/; be an elliptic curve. This exercise explores the structure of
E(k)[tors] over various fields.

a. Prove there exist m,n € Z* with m | n, such that
E(k)[tors| = Z/mZ x Z/nZ.
b. Show that if k = F is a real number field, then there exists n € Z* such that

Z/nZ

E(F)[tors] = { 7.)27 x 7./2n7.

c. Show that if k =T, is a finite field, then there exist m,n € Z* with m | n and
g =1 (mod m), such that

EF,) =2 Z/mZ x Z/nZ.
d. Show that if & = Q, then

E(Q)[tors] = (Q/Z) x (Q/Z).
Exercise 5.4.

a. Suppose that E/, and E;k are k-rationally isogenous elliptic curves. Prove that
their k-endomorphism algebras are isomorphic, i.e., Endg(F) ® Q = Endi(F') ®
Q.

b. Let E/p, and E;]Fq be elliptic curves, and suppose there exists an [F,-rational
isogeny ¢: E — FE'. Prove that #E(F,) = #E'(F,) for all » > 1. (The
converse is also true, see [Sil09, Exercise 5.4] or [Tat66].)

7. ErrLipTic CURVES OVER LocAL FIELDS

Exercise 7.1. Towards local fields. This exercise proves the following result on
unramified extensions of local fields.
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Theorem. Given a perfect non-Archimedean local field (K, v) with discrete valuation
ring R, uniformizer m and perfect residue field k := R/7, there is a correspondence
between the category of unramified extensions of K and the category of algebraic exten-
sions of k.

Let L/K be a finite extension; then L is also a non-Archimedean local field, say with
discrete valuation w extending v, a discrete valuation ring S for w, a uniformizer II and
residue field ¢ := S/II.

a. Use Hensel’s Lemma to prove there exists an unramified subextension K C L' C
L with residue field ¢/ = ¢. Deduce that a finite unramified extension of K is
completely determined by its residue field.

b. Show that for each n € Z*, there is a unique unramified extension of K with
degree n.

c. Conclude that the theorem holds.

d. (Optional) Prove that an unramified extension L/K is always Galois. Then give
an explicit isomorphism

Gal(K™/K) = Gj.
Exercise 7.2. [Sil09, Exercise 3.5] Let k be a perfect field, and let E/; be a singular

curve in Weierstrass form.
a. Suppose that E has a node, and let the tangent lines at the node be

y =+ b and Y = MaT + by.
i. If my € k, prove that my € k and
Eos(k) = k*.
(This is the split case, see Section 7.5.)

ii. If my & k, prove that ¢ := k(my, mz) is a quadratic extension of k. Note
that i. tells us that E.s(k) C Ens(¢) = £*. Prove that

Ens(k) =2 {a e l*: Nyp(a) =1}
(This is the nonsplit case, see Section 7.5.)
b. Suppose that F has a cusp. Prove that
Eus(k) = (k,+).

Exercise 7.3. [Sil09, Exercise 7.1] Assume that char(k) # 2, 3.
a. Let E ik be an elliptic curve given by a Weierstrass equation with coefficients
a; € R. Prove that the equation is minimal if and only if either v(A) < 12 or
v(ey) < 4.
b. Let £/ be given by a minimal Weierstrass equation of the form

E:y* =2+ Az + B.
Prove that E has }
i. good reduction, i.e., E is nonsingular, <= 4A% 4 27B* € R*,
ii. multiplicative reduction, i.e., E has a node, <= 4A3 + 27B%? € M and
AB € R*,
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iii. additive reduction, i.e., E has a cusp, <= A € M and B € M.
Exercise 7.4. [Sil09, Exercise 7.3] Describe all Weierstrass equations
E: 9y +aizy +asy = 2° + axx® + agx + ag

with a; € Z and A # 0 such that F(Q) contains a torsion point P with z(P) ¢ Z.
(Hint: see the Application in §7.3.)
Exercise 7.5. a. Prove that the elliptic curve
E:y+y=2"—u
has trivial torsion subgroup, but positive rank over Q. (This is the first elliptic
curve of minimal conductoﬂ and positive rank. See its LMFDB page: 37.al.
See also [Sil09, Exercise 9.13].)
b. Prove that the elliptic curve
E:y?—y=2a®—2?
has E(Q)[tors| = Z/57Z. (This is “the first elliptic curve in nature” (minimal
conductor), and is a model for the modular curve X;(11). See its LMFDB page:
11.a3.)

c. Prove that the elliptic curve
E:y4+ay+y=2°—2>—52+5
has E(Q)[tors| = Z/3Z. (This curve corresponds to a sporadic point of degree 3

on the modular curve X;(21). Up to Q-isomorphism, it is the only elliptic curve
which has the torsion group Z/217Z over a cubic number field. See its LMFDB

page: 162.c3.)

Exercise 7.6. Let I be a number field and E/,r an elliptic curve. For a nonzero prime
ideal P C Op, say that E has good reduction at ‘B if E/p, has good reduction, where
Fi is the completion of I at the discrete valuation vy associated to . We also use
Opg to denote the discrete valuation ring in Fiy associated to vg.

a. Assume that F is given by a Weierstrass equation over O that is minimal over
F. Prove that E has good reduction at ‘B if and only if P 1 Ag p.
b. Prove that no elliptic curve E/g has good reduction at every prime p € Z7.
(Hint: see [Sil09, Exercise 8.15].)
Note that a Weierstrass equation of an elliptic curve E,p with coefficients in Op need
not be a minimal equation over each completion Fiy; in fact, such a “global minimal
equation” for E is not guaranteed to exist unless F' has class number 1 — see §8.8 of
[S1109]. Tt is worth noting that a global minimal equation always exists when F' = Q.

Exercise 7.7. [Sil09, Exercise 7.3] Show that the following elliptic curves have good
reduction over a field of the indicated form by writing down a minimal equation for £
over that field.

a. F:y? =23+, Qa(n,1),n® =2,i% = —1.

3The conductor of an elliptic curve E/q is a specific integer divisible precisely by the primes of
bad reduction for E, i.e., the primes p for which E/Fp is singular.


https://www.lmfdb.org/EllipticCurve/Q/37/a/1
https://www.lmfdb.org/EllipticCurve/Q/11/a/3
https://www.lmfdb.org/EllipticCurve/Q/162/c/3
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b. E:y?+y =13, Qs(m,n), 7% = V=3,17> = 2.
c. Byt =2 +2%—3x -2, Qs(m), mt = 5.

Exercise 7.8. [Sil09, Exercise 7.9] Let E/k be an elliptic curve with potential good
reduction. Let n € Z* be an integer coprime to p := char(k), and let K(E[n]) be the
n-division field of E, obtained by adjoining to K the coordinates of points in E|n].
a. Prove that the inertia group of K(E[n|)/K is independent of n. (Hint: for
each prime ¢ # p, let ¢/ := ¢ if £ > 3 and let ¢’ := 4 if { = 2. Show that
pe.: I, = GLa(Z,) has trivial intersection with the kernel of the map

Aw(Ty(E)) — Awt(Ty(E) /' Ty(E)) = GLy(Z/1'Z).

Characterize the inertia group of K(F[n])/K in terms of the kernels of the
various pg o)
b. Prove that K(E[n])/K is unramified if and only if £ has good reduction at v.
c. If p > 5, prove that K(E[n])/K is tamely ramified, i.e., the ramification index
is coprime to p.

8. ErLipTic CURVES OVER GLOBAL FIELDS

Exercise 8.1. [Sil09, Exercise 8.1] Let £, be an elliptic curve, let n > 2 be an integer,
let C1(Op) be the ideal class group of F', and let
S = {vy € X} : F has bad reduction at B} U {vgp € SR 1P | n} U X,
Assume that E[n] C E(F). Prove the following quantitative version of the weak
Mordell-Weil theorem:
rankz, 7 E(F)/nE(F) < 2-#S + 2 - ranky/,,z(Cl(Op))[n].

Exercise 8.2. [Sil09, Exercise 8.2] For each integer d > 1, let E;/Q be the elliptic
curve
Eq:vy* =2 — d%x.
Prove that
Eq(Q)=Z" xT,
where T is a finite group and r > 0 is an integer satisfying
r < 2v(2d),

where v(N) denotes the number of distinct primes dividing N. (Hint: use Exercise
([Sil09,, Exercise 8.1])).

Exercise 8.3. [Sil09, Exercise 8.3] Let E,p be an elliptic curve and let L/F be an
(infinite) algebraic extension. Suppose that the rank of E(M) is bounded as M ranges
over all finite subextensions of L/F i.e., assume that
sup rank(E(M)) < oco.
FCMCL:
[M:F]<oco
a. Prove that E(L) ® Q is a finite-dimensional Q-vector space.
b. Assume further that L/F is Galois and that E(L)[tors] is finite. Prove that
E(L) is finitely generated.
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Exercise 8.4. [Sil09, Exercise 8.4] Assume that p, C F. Prove that the maximal
abelian extension of F' of exponent n is the field

F({a'":a € F}).

(Hint: use [Sil09, Proposition VIII.2.2], which says that every homomorphism x: Gp —
[t has the form x (o) = < for some a € Q" satisfying a™ € F*.)

APPENDIX A. A REVIEW OF LocaL FIELDS

Several exercises above deal with basic results on local fields. They will serve as
necessary background for Chapter 7. For a more comprehensive set of notes, see e.g.

[ClaANT2].
For a field K, a wvaluation on K is a map v: K — R U {oco} with the following
properties:
1. v(zy) = v(z) + v(y) for all z,y € K;
2. v(z+y) > min{v(z),v(y)} for all x,y € K;
3. v(x) = ¢ if and only if z = 0.
For a valuation v: K — R U {oco}, the subset
R, :={x € K :v(z) > 0}
is a local ring in K, with maximal ideal
M, :={z € K :v(z) > 0}.

Say v is a discrete valuation if its image is Z U {oo}. In this case, R, is a discrete
valuation ring.
Given a field K, an absolute value, or norm, on K, is amap |- |: K — Rs( with the
following properties:
1. |zy| = |z| - |y| for all z,y € K;;
2. |z +y| <|z|+ |y| for all z,y € K (triangle inequality);
3. |z| = 0 if and only if z = 0.
Say || is non-Archimedean if for all x,y € K one has |z+y| < max{|z|, |y|}. Otherwise,
say it is Archimedean. In general, we call (K, |- |) a normed field.
Given a normed field (K| - |), the subset

R|.| = {ZL‘ e K |:17| < 1}
is a local ring in K, with maximal ideal
M ={r e K :|z| <1}

Observe that a normed field (K, |- |) inherits a metric space topology from | -|. The

completion of K with respect to |- | is denoted by K. Let us recall the construction of
the completion of a metric space (X, d). A sequence {z,}°,; C X is called Cauchy if
for all € > 0, there exists N € Z* such that for any m,n > N, one has d(z,,, z,) < €.
Two Cauchy sequences {z,}2,{y,}2; C X are said to be equivalent if

nh_}n;o d(zpn, yn) = 0.
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Then the completion of X with respect to d, written as X , is the quotient space of
Cauchy sequences of X under this equivalence. The completion X admits the following
metric: for all A, B € X, writing x = [{z,}°,] and y = [{y»}2,] one has

~

d(x,y) = nh_)rxolo (T, Yn)-

We have a natural embedding ¢: X < X, and t(X) is dense in X under the metric
of the completion; furthermore, d = d on «(X). If (X,d) = (K,]| - |) is a normed field,

then the norm extension of | - | to K can be defined as || := limy, 00 | @0

For each prime p € Z*, we let Q, denote the completion of Q with respect to the
p-adic norm | - |,: Q@ — Rsp. Recall that the p-adic valuation v,: Q — Z U {oo} is
defined on integers n € Z by the relation p*™ || n; this extends to a map on Q in a
natural way. In turn, this induces a norm map |- |,: Q — Rx¢ via

ol 1=l = 7.

Since v,: Q — Z U {00} is a discrete valuation which extends to Q,, there exists a
discrete valuation ring Z, C Q, for v,, called the p-adic integers. More generally, for
a number field F' and a nonzero prime ideal ‘B C F', we let Fiy denote the ‘B-adic
completion of F' with respect to the PB-adic norm | - |3, and Opg its discrete valuation
ring. The field Q,, and more generally Fiy, is an example of a non-Archimedean local
field.

Given a field K and two absolute values |- |1, |- |2 on K, we say that |- |; and |- | are
equivalent if there exists r € Ry with |- | = |-|]. We then write |- |; ~ | |2. There is
a classification of absolute values on a number field, due to Ostrowski.

Theorem (Ostrowski’s Theorem). Up to equivalence, the only nontrivial absolute val-
ues on Q are:
1. the p-adic norms | - |, (non-Archimedean);
2. the restriction of the usual absolute value | - |: C — Rsq (Archimedean).
More generally, for a number field F', up to equivalence any nontrivial absolute absolute
value on F' is either:
1. aPB-adic norm | - | for some nonzero prime ideal B C F' (non-Archimedean);
2. the restriction of the usual absolute value |- |: C — R to an embedding of F
into C. Such a norm has the form |o(-)| where o: F < C (Archimedean).

From here on out, any local field (K, v) we consider will be perfect, as well as its
residue field k£ := R/w. If L/K is a finite extension, then L is also a complete local
field, by a unique discrete valuation w extending v via

w(zx) = % (N (),

where n := [L : K]. In terms of norms, this is equivalent to

ol = [N (@)™

see also [ClaANT2, Theorems 1.43, 1.46]. Note, however, that the valuation w above
is not necessarily normalized, i.e., we might not have w(L) = Z U {oco}.
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Let (L,w)/(K,v) be a finite extension of complete local fields, with normalized dis-
crete valuations. Let S be the associated discrete valuation ring of L, with uniformizer
II, and let ¢ := S/II be the residue field of L. Then the ramification index of L/K
is the ramification index of 7 in .S; this is well-defined since S has only one prime up
to associates, namely II. One can show that e(L/K) = [w(L) : w(K)] = w(w). From
R C S and II | 7, we also have an extension of residue fields ¢/k; the inertial degree
of L/K is then f(L/K) := [(: k]. We see that an extension L/K is unramified if and
only if [L: K] =[(: K].

To make things more concrete: if F' is a number field, then for each nonzero prime
ideal P C F', we have a complete local field Fiy with a discrete valuation vy: F© —
Z U {oo} given by ideal divisibility by B. If L/Fy is a finite extension, then L = Mg
where M/F is some finite extension with [Myg : Fy| = [M : F], and Q C M is
some prime ideal which divides 8 in M. One also has e(Mq|Fy) = e(Q|P) and
F(MalFy) = f(QIF).

Finally, we use K™ to denote the mazimal unramified extension of K, which is the
compositum of all unramified extensions of K. By Exercise[7.1] we have an isomorphism
Gal(K™/K) = G}, via reduction of automorphisms o: L = L to 6: £ = {, where L/ K
is unramified (and hence Galois). This fits into a short exact sequence

red

1 — Gal(K/K™) = Gg — Gj, — 1.
The Galois group I, := Gal(K /K™) is called the inertia group of K.
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